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ON THE SUBMETRIZABILITY NUMBER AND WEIGHT 
OF QUASI-UNIFORM SPACES AND PARATOPOLOGICAL GROUPS 


TARAS BANAKH AND ALEX RAVSKY 


Abstract. We derive many upper bounds on the submetrizability number and i-weight of paratopological 
groups and topological monoids with open shifts. In particular, we prove that each first countable Hausdorff 
paratopological group is submetrizable thus answering a problem of Arhangelskii posed in 2002. Also we con¬ 
struct an example of a zero-dimensional (and hence regular) Hausdorff paratopological abelian group G with 
countable pseudocharacter which is not submetrizable. In fact, all results on the f-weight and submetrizabil¬ 
ity are derived from more general results concerning normally quasi-uniformizable and bi-quasi-uniformizable 
spaces. 


Introduction 

This paper was motivated by the following problem of Arhangelskii [H 3.11] (also repeated by Tkachenko 
in his survey |241 2.1]): Does every first countable Hausdorff paratopological group admit a weaker metrizable 
topology? A surprisingly simple answer to this problem was given by the authors in [3]. We just observed 
that each Hausdorff paratopological group G carries a natural uniformity generated by the base consisting of 
entourages {(x, y) G G x G : y G UxU~^ D U~^xU} where U runs over open neighborhoods of the unit e in G. 
In [3] this uniformity was called the quasi-Roelcke uniformity on G and denoted by Q. If G is first-countable, 
then the quasi-Roelcke uniformity Q is metrizable, which implies that the space G is submetrizable. Moreover, 
if the quasi-Roelcke uniformity Q is w-bounded, then the topology generated by the uniformity Q is metrizable 
and separable, which implies that G has countable f-weight, i.e., admits a continuous injective map onto a 
metrizable separable space. 

In fact, for the submetrizability of G it suffices to require the countability of the pseudocharacter '^{Q) of 
Q, i.e., the existence of a countable subfamily U C Q such that f\U = A^. So, the aim of the paper is to 
detect paratopological groups G whose quasi-Roelcke uniformity Q has countable pseudocharacter. For this we 
shall find some upper bounds on the pseudocharacter ip{Q). These bounds will give us upper bounds on the 
submetrizability number sm{G) and the f-weight iw{G) of a paratopological group G. In fact, the obtained 
upper bounds on sm{G) and iw{G) have uniform nature and depends on the properties of the two canonical 
quasi-uniformities C and TZ on G called the left and right quasi-uniformities of G. These quasi-uniformities are 
studied in Sections [S] and [SI In Sections [3] and S] we study properties of topological spaces whose topology is 
generated by two quasi-uniformities which are compatible in some sense (more precisely, are ±-subcommuting or 
normally ±-subcommuting). In Section [S] we prove that any two normally ±-subcommuting quasi-uniformities 
are normal in the sense of |4]. This motivates the study of topological spaces whose topology is generated by 
a normal quasi-uniformity. For such spaces we obtain some upper bounds on the i-weight, which is done in 
Section 01 Section [T] has preliminary character. It contains the necessary information of topological spaces, 
quasi-uniform spaces, and their cardinal characteristics. In Section [7] we present two counterexamples to some 
natural conjectures concerning submetrizable paratopological groups. 

I. Preliminaries 

In this section we collect known information on topological spaces, quasi-uniformities, and their cardinal 
characteristics. For a set X by |A] we denote its cardinality. By w we denote the set of all finite ordinals and 
byN = a;\{0} the set of natural numbers. 

For a cardinal k by log(N) we denote the smallest cardinal A such that 2^ > k. 
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1.1. Topological spaces and their cardinal characteristics. For a subset A of a topological space X by 
A and A° and A we denote the closure, interior and interior of the closure of the set A in X, respectively. 

A family Af of subsets of a topological space X is called a network of the topology of X if each open set 
U C X can be written as the union IJW of some subfamily U C Af. If each set N € Af is open in X, then Af 
is a base of the topology of X. 

A subset D oi a topological space X is called strongly discrete if each point x € D has a neighborhood 
Ux C X such that the family {Ux)xgd is discrete in the sense that each point z G X has a neighborhood that 
meets at most one set Ux, x G D. It is easy to see that each strongly discrete subset of (a Ti-space) X is 
discrete (and closed) in X. A topological space X is called (strongly) a-discrete if X can be written as the 
countable union X = A„ of (strongly) discrete subsets of X. 

A topological space X is called 

• Hausdorjf if any two distinct points x,y G X have disjoint open neighborhoods Ox 3 x and Oy 3 y; 

• collectively Hausdorjf ii each closed discrete subset of X is strongly discrete in A; 

• functionally Hausdorff if for any two distinct points x,y G X there is a continuous function / : A —>■ R 
such that f(x) f(y)- 

• regular if for any point x G X and a neighborhood Ox C A there is a neighborhood Vj, C A of x such 
that Vx C Ox', 

• completely regular if for any point x G X and a neighborhood Ox C A there is a continuous function 

/ : A —>• [0,1] such that /(x) = 0 and 1)) C Ox', 

• quasi-regular if each non-empty open set U G X contains the closure V of another non-empty open set 
y C A; 

• submetrizable if A admits a continuous metric (or equivalently, admits a continuous injective map into 
a metrizable space). 

It is clear that each submetrizable space is functionally Hausdorff. 

In Section [3 will shall need the following property of strongly cr-discrete spaces. 

Proposition 1.1. Each strongly a-discrete Tychonoff space X is zero-dimensional and submetrizable. More¬ 
over, X admits an injective continuous map into the Cantor cube {0,1}'' of weight k — log(|A|). 

Proof. The proposition trivially holds if A is discrete. So, we assume that A is not discrete and hence infinite. 
Write A as the countable union A = UnGi.j pairwise disjoint strongly discrete non-empty subsets Xn of 

A. Let fix be the Stone-Cech compactification of A. Using the strong discreteness of each A„, we can extend 
each continuous bounded function / : A„ ^ K to a continuous bounded function on A. This implies that the 
closure A„ of A„ in fiX is homeomorphic to the Stone-Cech compactification /3A„ of the discrete space A„ 
and hence has covering dimension dim(/3A„) = 0 (see [21 3.6.7 and 7.1.17]). By the Countable Sum Theorem 
[101 3.1.8] for covering dimension in normal spaces, the cr-compact (and hence normal) space Z = Unew 
has covering dimension dim(Z) = 0, which implies that its subspace A = Unecj zero-dimensional. 

Now we prove that A is submetrizable. For every n G oj and every x G A„ we can choose a closed-and-open 
neighborhood Ua, C A of x such that Ux C ® indexed family {Ux)xgx„ is discrete in A. 

Then the union Uxga:„ ^ closed-and-open subset in A and the function : A x A —>• {0,1} defined by 

^ , . I 0, if x,y G Ux for some x G A„ or x, y i UzGX„ U., 

^1, otherwise, 

is a continuous pseudometric on A. Consequently, the function d = max„g,^ -^dn is a continuous metric on 
A, which implies that A is submetrizable. 

It follows that the space A admits a continuous injective map into the countable product of 

discrete spaces Dn of cardinality \Dn\ = 1-1- 1A„| < jAj. By definition of the cardinal k = log(lAj), every 
discrete space Dn, n G to, admits an injective (and necessarily continuous) map into the Cantor cube {0, l}'^. 
Then Hnecj hence A also admits a continuous injective map into {0,1}'^. □ 

For a cover U of a set A and a subset B C A we put SC(A;U) = A and SU^^(A',U) = ^ ^ • 

Ur\SU{A;U) 7 ^ 0} for n > 0. 

1.2. Cardinal characteristics of topological spaces, I. For a topological space A let 

• nw{X) = min{|A/"j : A/" is a network of the topology of A} be the network weight of A; 

• d(X) = min{jB| : A G X, A = A} be the density of A; 

• hd(X) = sup{d(y) : Y G A} the hereditary density of A; 
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• s(X) = sup{|Z3| : Z3 is a discrete subspace of X} be the spread of X; 

• e(X) = sup{|-D| : £> is a closed discrete subspace of X} be the extent of X-, 

• c{X) = sup{|i^| : is a disjoint family of non-empty open sets in X} be the cellularity of X; 

• de{X) = supjl^^l -.U is a, discrete family of non-empty sets in X} be the discrete extent of X; 

• dc{X) = sup{|W| '.U is a discrete family of non-empty open sets in X} be the discrete cellularity of X] 

• 1{X), the Lindeldf number of X, be the smallest cardinal k such that each open cover U of X has a 
subcover V CU oi cardinality |V| < k; 

• 1{X), the weak Lindeldf number of X, be the smallest cardinal k such that each open cover Li of X 
contains a subcollection V CU of cardinality |V| < k with dense union IJ V in X; 

• 1*{X), the weak extent of X, be the smallest cardinal k such that for each open cover U of X there is 
a subset A C X of cardinality |A| < k such that X = St{A;l4). 

The cardinal characteristics nw, d, s, e, c, I are well-known in General Topology (see E, ca) whereas I, I* are 
relatively new and notations for these cardinal characteristics are not fixed yet. For example, the weak Lindeldf 
number I often is denoted by wL, but in [131 §3] it is denoted by wc and called the weak covering number. 
According to m, the weak extent I* can be called the star cardinality. Spaces with countable weak extent are 
called star-Lindeldf in [20] and strongly star-Lindeldf in [8]. Observe that e < de and e{X) = de{X) for any 
Ti-space X. 

The relations between the above cardinal invariants are described in the following version of Hodel’s diagram 
[13]. In this diagram an arrow / —)> g (resp / ---» g) indicates that f{X) < g{X) for any (Ti-) space X. 


I* -^ de -^ I -^ hi 



I -5- c-s- d -5- hd 


In fact, the cardinal characteristics d, I, Z, I* are initial representatives of the hierarchy of cardinal charac¬ 
teristics Z*” and r*", n £ |N, describing star-covering properties of topological spaces (see the survey paper 
[20] of Matveev for more information on this subject). 

For a topological space X and an integer number n > 0 let 

• Z*"(X) be the smallest cardinal k such that for every open cover U of X there is a subset A <Z X of 
cardinality |A| < k such that St'^{A\U) = X; 

• Z*"(X) be the smallest cardinal k such that for every open cover U of X there is a subset A <Z X of 
cardinality |A| < k such that St'^{A;U) is dense in X; 

• Z *"2 (X) be the smallest cardinal k such that every open cover U of X contains a subfamily V C U of 
cardinality |V| < a such that <SZ"’(UV;Zd) = X; 

• Z*"' 2 (A) be the smallest cardinal k such that every open cover U of X contains a subfamily V C U of 
cardinality |V| < k such that <Si"’(UV;Zd) is dense in X; 

• 1*‘^{X) = min„g^ r^{X) and = min„g,^ r"{X). 

Observe that Z*° = | • |, r*° = d, Z*5 = =1^ and Z*^ = Z*. 

In [7] the cardinal characteristics Z*" and Z *”2 are denoted by stn-l and si„i-Z, respectively. In [8] spaces X 
with countable Z*"^(X) and Z*"(A) are called n-star-Lindeldf and strongly n-star Lindeldf respectively. 

The following diagram describes provable inequalities between cardinal characteristics Z*”, Z*", Z*" 2 , and 
Z *"2 for n e N. For two cardinal characteristics f,g an arrow f ^ g indicates that f{X) < g{X) for any 
topological space X. 

Z*“---- ^ i*{n+h) -^ i*n ---- 1*1 = I* -^ Je-^ Z*5 = I -^ hi 
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The unique non-trivial inequalities l*^ < de and < dc in this diagram follow from the next proposition 
whose proof can be found in [5] . 

Proposition 1.2. Any topological space X has 1*^{X) < de{X) and r^i{X) < dc{X). 

For quasi-regular spaces many star-covering properties are equivalent. Let us recall that a topological space 
X is called quasi-regular if each non-empty open set U G X contains the closure V of another non-empty open 
set V in X. The following proposition was proved in (and for regular spaces in [5]). 

Proposition 1.3. Let X be a quasi-regular space. Then 

(1) dc{X) = I*^i{X) = r“(X). 

(2) If X is normal, then dc{X) = T^{X). 

(3) If X is perfectly normal, then dc{X) = c{X) = l*i (X). 

(4) If X is collectively Hausdorff, then dc{X) = de{X) = 1*^{X). 

(5) If X is paracompact, then dc(X) = 1{X). 

(6) If X is perfectly paracompact, then dc(X) = hl{X). 

ProDOsition ll.Sl implies that for quasi-regular spaces the diagram describing the relations between the cardinal 
characteristics simplifies to the following form. 


l*^ -^ ^ ^ de -^ l*i = I -^ hi 



Next, we consider some local cardinal characteristics of topological spaces. Let X be a topological space, x 
be a point of X, and A4 be the family of all open neighborhoods of x in X. 

• The character XxiX) of X at x is the smallest cardinality of a neighborhood base at x. 

• The pseudocharacter of X at x is the smallest cardinality of a subfamily U C Jifx such that 

n^^^nA/'x- 

• The closed pseudocharacter ibXX) of X at x is the smallest cardinality of a subfamily U C A/V such 

thatnDe^C/ = nveAt.'^- 

It is easy to see that for any point x of a Hausdorff topological space X we get 

MX)<f^x{x)<xx{x). 

The cardinals 

X(X) = sup Xx{X), ipiX) = sup V’x(^), and fj^X) = sup 

xGX xGX x€.X 

are called the character, the pseudocharacter, and the closed pseudocharacter of X, respectively. It follows that 

V^(X) < ^(X) < x(X) 

for any Hausdorff topological space X. 

The (closed) pseudocharacter is upper bounded by the (closed) diagonal number defined as follows. Let X 
be a Hausdorff topological space. By Ajc = {(x,?/) G X x X : x = y} we denote the diagonal of the square 
X X X. 

• The diagonal number A(X) of X is the smallest cardinality of a family U of open subsets of X x X 
such that — Xx■ 

• The closed diagonal number A(X) of X is the smallest cardinality of a family 14 of open subsets of 
X X X such that Hc/gw ^ ~ 

It is easy to see that tp{X) < A(X) < A(X) and tpiX) < A(X) for any Hausdorff space X. 

Following m §2-1] we say that a space X has (regular) Gs-diagonal if A(X) < uj (resp. A(X) < uj). 

The (closed) diagonal number of a functionally Hausdorff space X is upper bounded by 

• the submetrizability number sm(X) of X, defined as the smallest number of continuous pseudometrics 
which separate points of X, and 
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• the i-weight iw{X) of X, defined as the smallest number of continuous real-valued functions that 
separate points of X. 

The following diagram describes relations between these cardinal characteristics. In this diagram for two 
cardinal characteristics f,g an arrow f ^ g indicates that f{X) < g{X) for any functionally Hausdorff 
topological space X. 

tp -^ A 

X ^-'0-S' A-^ sm -^ iw -^ sm ■ log dc 

The unique non-trivial inequality iw < sm ■ log dc in this diagram is proved in the following proposition. 

Proposition 1.4. Each infinite functionally Hausdorff space X has 

iwiX) • w = sm{X) ■ log(dc(A)) and |A| < dc{Xff-^^^^'> < 

Proof. The inequality sm{X) ■ log(dc(A)) < iw{X) ■ ui follows from the inequalities sm(X) < iw(X) and 
dc{X) < |A| < |[0, ^ the latter of which implies log((ic(X)) < log(2®“’(^)'‘^) < iw{X) ■ to. 

Now we prove the inequalities iw{X) ■ w < sm{X) ■ log(dc(X)) and |X| < dc{Xff'^'^^^\ The definition of 
the submetrizability number implies that X admits a continuous injective map / : A —naesm(x) into 
the Tychonoff product of sm{X) many metric spaces M^. We lose no generality assuming that each metric 
space Ma is a continuous image of X and hence d{Ma) = dc{Ma) < dc{X) and |Mq| < d{Maff. Then 

1^1 < n ^ n dc(A)“ 

OL^sm{X) a^sm{X) a€sm(X) 

By [SJ 4.4.9], for every a € sm(X) the metric space Mq, admits a topological embedding into the countable 
power Hjf of the hedgehog = {(a^i)jeK € Pi 1]” '■ l{i € k : Xi 0}| < 1} with k = dc(X) > d(Ma) many 
spines. The hedgehog can be thought as a cone over a discrete space D of cardinality k. The discrete space D 
admits an injective continuous map into the Tychonoff cube [0,Consequently, admits an injective 
continuous map into the cone over the Tychonoff cube [0,which implies that iw{Hk) < log(R) = 
log(dc(A)) and iw{H‘f) < log((ic(A)) -w = log(dc(A)). Then iw{X) < sm{X) ■iw{Hf) < sm{X) • log((ic(A)). 
This completes the proof of the equality iw{X) ■ w = sm(X) ■ log(dc(X)). 

To complete the proof of the proposition, observe that 

^ ^ ^ _ 2log((ic(A)).u;.sm(X) _ 2^iv-iw(X) 

□ 

1.3. Pre-uniform spaces and their cardinal characteristics. By an entourage on a set X we understand 
any subset U C X x X containing the diagonal Ax = {{x,y) G X x X : x = y} oi X x X. For an entourage 
U on X, point x G X and subset A C A let B{x-, U) = {y G X : {x,y) G E} be the U-ball centered at x, and 
S(A;t/)=UaeA B{a] U) be the U-neighborhood of A in A. 

Now we define some operations on entourages. For two entourages U^V on A let 

U~^ = {(x,y) G X X X ■. {y,x) GU} 

be the inverse entourage and 

UV = {{x, z) G X X X 3y G X such that {x,y) G U and {y,z) GV} 

be the composition of U and V. It is easy to see that {UV)~^ = V~^U~^. For every entourage U an. X define its 
powers [/", n € Z, by the formula: I/° = Ax and 17"+^ = U~^~^ = U~^U~^ for n G oj. Define also the 

alternating powers and 17^" of U by the recursive formulas: C7^° = C7^° = Ax, and = 1717^", 

IjTin+i) _ jj-ijj±n Jqj. ^ > q_ If {7 is an entourage on a topological space A, then put U = Ua;gx U) be 
the closure of U in the product Xd x X where Xd is the set A endowed with the discrete topology. 

The following lemma proved in shows that the alternating power C7^^ on an entourage U is equivalent 
to taking the star with respect to the cover U — {B{x-, U) : x G X}. 

Lemma 1.5. For any entourage U on a set X and a point x G X we get B{x;U~^U) = St{x;U) where 
U = {B{x-, U) : X G A}. Consequently, B{x; = B{x; (C7“^C7)") = SC{x;U) for every n G N. 

A family 14 of entourages on a set A is called a uniformity on A if it satisfies the following four axioms: 
(Ul) for any U GU, every entourage P C A x A containing U belongs to U] 
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(U2) for any entourages U,V GU there is an entourage W GU such that W C U HV; 

(U3) for any entourage U GU there is an entourage V GU such that VV C U; 

(U4) for any entourage U GU there is an entourage V GU such that V C U~^. 

A family U of entourages on X is called a quasi-uniformity (resp. pre-uniformity) on X if it satisfies the 
axioms (U1)-(U3) (resp. (U1)-(U2) ). So, each uniformity is a quasi-uniformity and each quasi-uniformity is 
a pre-uniformity. Observe that a pre-uniformity is just a filter of entourages on X. 

A subfamily B G U is called a base of a pre-uniformity ZY on A if each entourage U G U contains some 
entourage B G B. Each base of a preuniformity satisfies the axiom (U2). Conversely, each family B of 
entourages on X satisfying the axiom (U2) is a base of a unique pre-uniformity (B) consisting of entourages 
U C X X X containing some entourage B G B. If the base B satisfies the axiom (U3) (and (U4)), then the 
pre-uniformity {B) is a quasi-uniformity (and a uniformity). 

Next we define some operations over preuniformities. Given two preuniformities ZY, V on a set X put 
ZY-i = {[/-i ■.UgU},UKV = {UGV:UgU, V G V}, U V V = {U GV : U G U, E € V} and let ZYV 
be the pre-uniformity generated by the base {UV : U G U, V G V}. For every n S w let ZY^", U^^, U^^, 
ZY^" be the pre-uniformities generated by the bases : U GU}, : U G U}, {Z7^” U : U GU}, 

:U GU}, respectivdy. Observe that ZY^’" = U^^AU^^ and ZY'^" = ZY^VZY=F". For a pre-uniformity 
ZY on a topological space X let ZY be the pre-uniformity generated by the base {U : U GU}. 

The pre-uniformities ZY^", ZY^", ZY^”, ZY'^” feet into the following diagram (in which an arrow V ^ W 
indicates that V C W): 

ZY±n 


^v(n+i)_^ZY^" ZY^"_ 


ZY=F” 

We shall say that a preuniformity ZY on A is 

• in-separated if plZY^" = Ax; 

• ^n-separated if plZY^" = Ax; 

• n-separated if ZY is both in-separated and =Fn-separated. 

Observe that for an odd number n a pre-uniformity ZY is n-separated if and only if it is in-separated if and 
only if it is =Fn-separated (this follows from the equality (Z7^")“^ = C/^" holding for every entourage U). 

This equivalence does not hold for even n: 

Example 1.6. For every m gN consider the entourage Um = {(a:, y) G R+ x IR+ : y G {x} U [a: i m, oo)} on 
the half-line IR.+ = [0, oo). The family {t/m}mGN is a base of a quasi-uniformity ZY on R+ which is =F2-separated 
but not i2-separated. 

Each pre-uniformity ZY on a set A generates a topology tu consisting of all subsets IT C A such that for 
each point x G W there is an entourage U GU with B(x; U) C W. This topology tu will be referred to as the 
topology generated by the pre-uniformity ZY. If ZY is a quasi-uniformity, then for each point x G X the family of 
balls {B{x; U) : U G ZY} is a neighborhood base of the topology tu at x. This implies that for a quasi-uniformity 
ZY on a set A the topology tk is Hausdorff if and only if for any distinct points x,y G X there is an entourage 
U G U such that B{x; U) fl B{y; t/) = 0 if and only if p|ZYZY“^ = Ax if and only if the quasi-uniformity ZY 
is ±2-separated. It is known (see m or [H]) that the topology of each topological space A is generated by 
a suitable quasi-uniformity (in particular, the Pervin quasi-uniformity, generated by the subbase consisting of 
the entourages {U x U) Li ((A \ U) x X) where U runs over open sets in A). 

Now we consider some cardinal characteristics of pre-uniformities. Let ZY be a pre-uniformity on a topological 
space A. 

• The boundedness number i{U) of ZY is defined as the smallest cardinal k such that for any entourage 
U GU there is a subset A C A of cardinality |A| < k such that B{A; U) = X; 

• the weak boundedness number £{U) of ZY is defined as the smallest cardinal k such that for any entourage 
U GU there is a subset A C A of cardinality |A| < k such that B{A;U) is dense in A; 

• the character x(^) of ZY is the smallest cardinality of a subfamily V G U such that each entourage 
U GU contains some entourage V GV; 
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• the pseudocharacter ip{hl) of U is the smallest cardinality of a subfamily V Cl U such that P| V = 

• the closed pseudocharacter ip{ld) of lA is the smallest cardinality of a subfamily V <Z U such that for 

every a; S X we get flygy = (^u&A (so^ V’(^) = ); 

• the local pseudocharacter ipi^) oi U is the smallest cardinal k such that for every x G X there is a 

subfamily Vx CU ot cardinality \Vx\ < n such that riugVx “ Hc/ew ^)- 

For any Hausdorff topological space X and a quasi-uniformity U generating the topology of X we get the 
inequalities i’iX) = ipiJA) < ^ V'(^) ^-od xi^) ^ x(^)i which fit into the following diagram (in 

which an arrow a ^ b indicates that a < b). 

^{X) - ^^{X) --x(X) 

^{U) - ^^{U) - ^x{U) 

The boundedness number £{U) combined with the pseudocharacter can be used to produce a simple 

upper bound on the cardinality of a =F2-separated pre-uniform space (cf. [SJ 4.3]). 

Proposition 1.7. Any set X has cardinality \X\ < for any ^2-separated pre-uniformity Li on a 

set X. 

Proof. The pre-uniformity Li^^, being separated, contains a subfamily V C W of cardinality |V| = such 

that Huev = ^a:- By the definition of the boundedness number iipl), for every entourage P G V there 

is a subset Ly C X of cardinality |Ly| < ^{U) such that X — B{Lv]V). For every x £ X choose a function 
fx G riuGV assigning to every entourage P G V a point fx{V) G Ly such that x G B{fx{V)-, V). We claim 
that for any distinct points x,y £ X the functions fx, fy are distinct. Indeed, the choice of the family V yields 
an entourage V £V such that {x,y) ^ V~^V. Then fxiV) ^ fyiV) and hence fx ^ fy This implies that 

iA'i < n |Tu| 

vev 

□ 

Following [4] we define a quasi-uniformity Li on a topological space X to be normal if for any subset A £ X 
and entourage U £ Li we get A C B{A; U) . A topological space X is called normally quasi-uniformizable if 
the topology of X is generated by a normal quasi-uniformity. Normally quasi-uniformizable spaces possess the 
following important normality-type property proved in [4]. 

Theorem 1.8. Let X be a topological space and Li be a normal quasi-uniformity generating the topology of X. 
Then for every subset A C X and entourage U £li there exists a continuous function / : X ^ [0,1] such that 
A C /-HO) and /([0,1)) C B(A; U)°. 

1.4. Cardinal characteristics of topological spaces, II. Let X be a topological space. An entourage U 
on X is called a neighborhood assignment if for every x £ X the CZ-ball B{x; U) is a neighborhood of x. The 
family jAAx of all neighborhood assignments on a topological space X is a pre-uniformity called the universal 
pre-uniformity on X. It contains any pre-uniformity generating the topology of X and is equal to the union of 
all pre-uniformities generating the topology of X. 

The universal pre-uniformity pUx contains 

• the universal quasi-uniformity qlix = 1J{W C pLix : Li is a quasi-uniformity on X}, and 

• the universal uniformity Ux = U{^ pAAx '.U is a uniformity on X} 

of X. It is clear that Ux C qUx C pUx- The interplay between the universal pre-uniformities pUx, qUx and 
Ux are studied in 

Since the topology of any topological space is generated by a quasi-uniformity, the universal quasi-uniformity 
qUx generates the topology of X. In contrast, the universal uniformity Ux generates the topology of X if and 
only if the space X is completely regular. 

Cardinal characteristics of the pre-uniformities pUx, qUx and Ux or their alternating powers can be con¬ 
sidered as cardinal characteristics of the topological space X. In particular, for a Hausdorff space X we have 
the equalities: 


Xi.^) = x{p^x), 'ipiX) = fiipUx), if{X) = ipipUx), A(X) = 
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The last equality follows from Lemma 11.51 On the other hand, the boundedness number i{pUx) of pUx 
coincides with the Lindeldf number 1{X) of X. 

Observe that for the universal pre-uniformity pUx on a Hausdorff topological space X the upper bound 
|X| < ^ proved in Proposition 11.71 turns into the known upper bound |X| < 

Having in mind the equality 1{X) = £ (pi/lx)-, for every n € N let us define the following cardinal character¬ 
istics: 

:= £^"{X) ■= iipU^'^), £^'^{X) := £'^'^{X) := 

^■±"(X) := £{pU%^), := £{pU^^), £^^(X) := £{pU^'^), := £{pUT), 

q£^'^{X) := £{qU^n, <?^^”(^) := := := 

Let also 

r(X) =min€''”(X), gr(X) = ming£'^”(X), and u£{X)=£{Ux). 

neN n£N 

Observe that u£{X) = £{Ux'^) = £{IX^) = £{U^) = £{U'^) for every n G N (this follows from the equality 
Ux = ~ holding for every n G N). 

The above cardinal characteristics were introduced and studied in [^. 

Some inequalities between the cardinal characteristics and u£ 

are described in the following diagram in which an arrow a ^ b indicates that a{X) < b(X) for any topological 
space X. 





It turns out that the cardinal invariants Z*", Z*", and Z *"2 can be expressed via the cardinal invariants 

£±m ^ suitable number m. The following proposition is proved in [Q (or can be easily 

derived from the definitions). 


Proposition 1.9. For every n G uj we have the equalities: 

j^*n _ Z*^^ _ £=t(2n+l) _ £=t(2n+l) 

The following proposition (proved in [5]) describes the relation of the cardinal invariants to classical 

cardinal invariants. 


Proposition 1.10. Let X be a topological spaee. Then 

(1) £'^\X) < six) < q£'^^iX) < £'^\X) < nw{X); 

(2) e{X) < de{X) < q£^^iX) < £±i(X) = Z(X); 

(3) ciX) < q£^\X) < £=Fi(X) < diX); 

(4) If X is quasi-regular, then £^^iX) = 1*^^{X) = £^{X) = dciX); 

(5) If X is completely regular, then ql^^iX) = q£‘^iX) = u£iX) = dc{X). 

Taking into account Propositions 1 1.31 II. 91 and |1. 101 we see that for quasi-regular spaces the cardinal charac¬ 
teristics £'^'^, relate to other cardinal characteristics of topological spaces as follows. 
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For Tychonoff spaces we can add to this diagram the cardinal characteristics and u£: 


^ ^ ^ ^ ri i -^ u 



Question 1.11. Which cardinal characteristics in the above diargams are pairwise distinct? 

2. z-Weight of normally quasi-uniformizable topological spaces 

In this section we apply Theorem 11.81 to derive some upper bounds on the z-weight of a normally quasi- 
uniformizable space. 

Proposition 2.1. Let X be a topological space whose topology is generated by a normal quasi-uniformity ti. 
The space X has i-weight iw{X) < n for some cardinal k if there exists a family of subsets {Aa}aGK of X and 
a family of entourages {Ua}aGK C U such that for any distinct points x,y € X there is a G k such that x G Aa 
and y ^ B(Aa] Ua)- 

Proof. For every a G k apply Theorem 11.81 to construct a continuous map fa : X ^ [0,1] such that fa(,Aa) C 
{0} and fa^{[0, 1)) C B{Aa',Ua). It follows that the family of continuous maps {fa}aGK. separates points of 
X. So, iw{X) < K. □ 

This proposition will be used to prove: 

Theorem 2.2. A Hausdorff space X has i-weight iw{X) < il}{A~^AU) ■ i{A) for any normal quasi-uniformity 
lA generating the topology of X and any pre-uniformity A on X such that f^A~^AU = Ax- 

Proof. If the cardinal '4>{A~^AU) is finite, then ip{A~^AlA) = 1, which implies that A~^AU = Ax = A = U 
for some A G A and U GU. In this case i{A) = |A| and hence iw{X) < |A| < £{A). 

So, we assume that the cardinal k = ip(A~^AU) is infinite. Since P| A~^AU = Ax, we can choose subfamilies 
{Aa)aGK C A and [Uafa^K G1 U such that Aa^AaUa) = {a:} for every x G X. For every a < k 

choose a subset ^q, C A of cardinality \Za\ < £{A) such that X = B{Za', Aa). Consider the family of sets 
Z = S We claim that for any distinct points x,y G X there is a set Z G Z and ordinal 

a G K such that x G Z and y ^ B{Z;Ua). 

By the choice of the families (Aa), (Ua), for the points x,y there is an index a G k such that y ^ 
B(x; Aa^AaUa). Since X = B(Za', Aa), we can find a point z G Za such that x G B(z;Aa) and hence 
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z £ B{x]A^^). We claim that the set Z — B{z] Aa) £ Z has the required properties: x £ Z and y ^ B{Z\ Ua). 
To derive a contradiction, assume that y £ B{Z; Ua) which implies 

y £ B{Z] Ua) = B{B{z; Aa); Ua) = B{z] AaUa) C B{B{x] Aa^)-AaUa) = B{x; Aa^AaUa). 

But this contradicts the choice of the index a. 

This contradiction allows us to apply Proposition 12.11 and conclude that 

iwiX) <\z\- K<'^\Za\ - K< ■ ((A) = ^iA~^AU) ■ £(A). 

□ 

Applying Theorem 12.21 to some concrete pre-uniformities A, we get the following corollary. 

Corollary 2.3. Let X be a functionally Hausdorjf space and li he a normal quasi-uniformity generating the 
topology of X. If for some n £ N the quasi-uniformity U is 

(1) ±(4n — 2)-separated, then iw{X) < < x(Z^) ■ qt^^'^^~^\X); 

(2) T(4n - l)-separated, then iw(X) < . ^(^±( 2 n-i)) < . q£±(2n-i)(x); 

(3) -Z{'in)-separated, then iw{X) < < ^{14) ■ qt'^'^'^\x); 

(4) =F(4n + l)-separated, then iw{X) < < ^(pi) . g^T(2")(x). 

Proof. 1. If U is ±(4n — 2)-separated, then for the pre-uniformity A = v t^T(2«-i) gg|; 

A~~^Mt C = W±(4n-3) 

and hence (^A~^AU C {^A~^ALIU~^ = = Ajf. Applying Theorem 12.21 to the pre-uniformity 

A = .^g gg|- 

iw{X) < U{uA^^-^)). £(^^(2"-!)) < ^{U) ■ qt^'^^-^\x). 

2. If U is =F(4n — l)-separated, then for the pre-uniformity A = we get 

A~^AU = W=F(2"-1)Z^±(2"-1)^ = W=F(4n-2)^ ^ ^T(4n-2) 

and hence {^A~^ALl C {^A~^AU.U~^ = P|^^4=(4n-i) _ Applying Theorem 12.21 to the pre-uniformity 

A =W±( 2 n-i)^ we get 

iw{X) < < x{U) ■ qiA‘^^-^)(x). 

3. If 14 is ±(4n)-separated, then for the pre-uniformity A = we get 

A~^AU c uA'^AijTi^n)^ ^ 

and hence PlA ^AU C Pl-^- ^AlAU ^ = Ax. Applying Theorem 12.21 to the pre-uniformity 

^^v( 2 «)^ we get 

iw{X) < . UfiA’^A V . qt^’^A(x). 

4. If lA is =F(4n -I- l)-separated, then for the pre-uniformity A = we get 

A~^AU = UA^AijTUn)^ ^ ^=f(4™) 

and hence {^A~^ALl C {^A~^ALIU~^ = pz^=F(4n+i) _ Applying Theorem 12.21 to the pre-uniformity 

A = W4=(2n)^ .^^g gg^ 

iw{X) < ff{uA^A). UpiA-^A) < . gfT(2")(A). 

□ 

Corollary 12.31 implies: 

Corollary 2.4. If X is a Hausdorjf space and 14 is a normal quasi-uniformity generating the topology of X, 
then the spaee X has i-weight iw{X) < tfilA) ■ £{U V U~^) < x(tf) • iiJA'^^). Moreover, if the quasi-uniformity 
U is 


(1) ^3-separated, then iw{X) < tpiUA'^ • £{14) < x(W) • gf'^^(A); 

(2) ±A-separated, then iw{X) < ^>{14^^) -£{14^^) < x(W) • 
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(3) ^5-separated, then iw{X) < < x(W) ■ q£'^‘^{X); 

(4) ±6-separated, then iw{X) < ■ £{U'^^) < x{i^) ' 

(5) ^7-separated, then iw{X) < ■ £{U^^) < x(W) ■ q£'^^{X); 

(6) ±.S-separated, then iw{X) < < x{i^) ' 

(7) ^9-separated, then iw{X) < • £{U^'^) < x{h() ■ qi^'^^X); 

(8) ztlO-separated, then iw{X) < < x(Z7) • dc{X). 

3. Bi-quasi-uniformizable spaces 

In this section we introduce so-called bi-quasi-uniformizable spaces and obtain some upper bounds on the 
submetrizability number and z-weight of such spaces. As a motivation, consider the following characterization. 

Proposition 3.1. For two quasi-uniformities C and TZ on a set X the following conditions are equivalent: 

(1) £7^-l C 

(2) nC-^ C £-^TZ; 

(3) CRr^ is a quasi-uniformity; 

(4) TZC~^ is a quasi-uniformity. 

Proof. (1) (2) and (3) (4): Since [CTZ~^) ^ = TIC~^, the inclusion CR~^ C TZ~^C is equivalent to 

d C ^TZ. By the same reason, CTZ ^ is a quasi-uniformity if and only if TZC ^ is a quasi-uniformity. 

(1) ^ (3): If aZ-^ C 7^-l£, then 

LTZ-^ = (££)(7^-l7^-^) = £(£7^-l)7^-l C £(7^-l£)7^-^ = (£7^-l)(£7^-l), 

which means that the pre-uniformity CTZ~^ is a quasi-uniformity. 

(3) ^ (1): If CR~^ is a quasi-uniformity, then LTZ~^ = CRT^CRT^ C TZ~^C. □ 

Motivated by Proposition 13 .1 1 let us introduce the following 

Definition 3.2. Two quasi-uniformities £ and TZ on a set X are called 

• commuting if CTZ — TZC] 

• F-subcommuting if CTZ~^ C TZ~^C and TZC~^ C C~^TZ] 

A topological space X is defined to be bi-quasi-uniformizable if the topology of X is generated by two ±- 
subcommuting quasi-uniformities. 

Theorem 3.3. For any F-subcommuting quasi-uniformities C,TZ generating the topology t of a topological 
space X the pre-uniformity Q = CTZ~^ V TZC~^ is a uniformity generating a completely regular topology tq, 
weaker than the topology r of X. If the space X is Hausdorff, then the topology tq generated by the uniformity 
Q is Tychonoff, the space X is functionally Hausdorff and has submetrizability number 

sm{X) < ifiQ) < x(£) • xW 

and i-weight 

iw{X) < ipiQ) ■ log(€(Q)) < x(£) • x(^) • log(dc(X)). 

Proof. By Proposition l3.11 the pre-uniformity Q is a quasi-uniformity. Since Q~^ = Q, it is a uniformity. Then 
the topology tq generated by the uniformity Q is Tychonoff (see [9l 8.1.13]) Since Q C C, the topology tq is 
weaker than the topology T£ = r of the space X. 

Now assume that the topology r is Hausdorff. In this case for any distinct points x,y G X we can find 
entourages L G C and R d TZ such that B{x]L) n B{y]R) = 0. Then y ^ B{x] LR~^) and hence {y,x) ^ 
n Q; which means that the uniformity Q is separated and the topology tq generated by Q is Tychonoff. 
Consequently, the space X is functionally Hausdorff. 

To show that sm{X) < ipiQ), fix a subfamily V C Q of cardinality |V| = ipiQ) such that H By [9l 

8.1.11], for every entourage V dV there exists a continuous pseudometric dy on X such that the entourage 
['^v]<i = {{x,y) d X X X : dv{x,y) < 1} is contained in V. Then the family of pseudometrics V = {dv}v&v 
separates points of X, which implies that sm{X) < |£>| < |V| = ip{Q). 

Taking into account that the topological weight of a metric space is equal to its boundedness number, which 
does not exceed the discrete cellularity, and applying Proposition 11.41 we conclude that 

iw{X) < ip{Q) ■ log(£(Q)) < x(Q) • log(dc(X)) < x(£) • x(^) ' log(dc(X)). 

□ 
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Theorem 13.31 implies: 

Corollary 3.4. Each Hausdorff bi-quasi-uniformizable topological space is functionally Hausdorff. 

We do not know if this corollary can be reversed. 

Problem 3.5. Is each functionally Hausdorff space bi-quasi-uniformizable? 

Proposition 3.6. Let C,TZ be two E-subcommuting quasi-uniformities generating the same Hausdorff topology 
on X. If the quasi-uniformities generate the same topology on X, then the quasi-uniformities C and 

IZ are 3-separated. 

Proof. Given two distinct points x,y G X we shall find an entourage R GiZ such that {x, y) ^ R~^RR~^. Since 
the topology generated by the quasi-uniformities C and 7^ on X is Hausdorff, there are two entourages L G C and 
RgTZ such that B{x-, R)t^B{y, LL) = 0 and hence (x, y) ^ RL~^L~^. Replacing R by a smaller entourage, we 
can additionally assume that B{y, R) C B{y; L). Then B{x] R)nB{y; RL) = 0 and hence y ^ H(x; RL~^R~^). 
Since the quasi-uniformities C and TZ are ±-subcommuting, for the entourages L and R there are entourages 
L G C and RgTZ such that L~^R C RL~^. Since quasi-uniformities C~^ and TZ~^ generate the same topology 
on X, for the entourage L~^ there is an entourage R G TZ such that B{x]R~^) C B{x]L~ff. Then for the 
entourage R = RC\Rf\R we get B{x] R~^RR~^) C B{x] R~^RR~^) C B{x] L~^RR~^) C B{x] RL~^R~^) and 
hence y ^ B{x]R~^RR~^). So, (^TZ~^TZTZ~^ = Ax and after inversion, = Ax, which means that 

the quasi-uniformity TZ is 3-separated. By analogy we can prove that the quasi-uniformity C is 3-separated. □ 

4. Normally bi-quasi-uniformizable spaces 

Observe that for two quasi-uniformities £,7^ on a set X the inclusion CTZ~^ C TZ~^C is equivalent to the 
existence for every entourages L G C and R G TZ two entourages L G C and R G TZ such that R~^L C LR~^. 
Changing the order of quantifiers in this property we obtain the following notion. 

Definition 4.1. A topological space X is called normally bi-quasi-uniformizable if its topology is generated 
by quasi-uniformities C and TZ satisfying the following properties: 

• yP G C 3L G C \/R G TZ 3R G TZ such that R~^L C LR~^ and L~^R C RL~^] 

• Vi? G TZ 3R gTZ yP G C 3L G C such that L~^R C RL~^ and R~^L C RL~^. 

In this case we shall say that the quasi-uniformities C and TZ are normally 3c-subcommuting. 

By analogy we can introduce normally commuting quasi-uniformities. 

Definition 4.2. Two quasi-uniformities C and 7?. on a set X are defined to be normally commuting if it satisfy 
the following two conditions: 

• yP G C 3L G C Vi? G TZ 3R G TZ such that RL c PR and PR c i?T; 

• Vi? G TZ 3R gTZ yP G C 3L g C such that PR c RL and RL c RL. 

Proposition 4.3. Any two normally 3c-subcommuting quasi-uniformities C,TZ generating the same topology 
on a set X are normal. Consequently, each normally bi-quasi-uniformizable topological space is normally 
quasi-uniformizable. 

Proof. To show that C is normal, fix a subset A C X and entourage L G C. Since £ and TZ are normally 
±-subcommuting, for the entourage L there exists an entourage L G C such that for every entourage R G TZ 
there is an entourage R G TZ with L~^R C RL~^. We claim that B{A;L) C B{A;L). Given any point 
X G B{A;L), we need to show that x G B{A\L). Given any neighborhood Ox G1 X oi x, find an entourage 
R GTZ such that i?(x; i?) <G Ox. By the choice of the entourage P, for the entourage i? there is an entourage 
R G TZ such that L~^R C RL~^. It follows from x G B{A]L) that B{x;L~^) A % and hence 0 
B{x\ L~^R) n a C B{x\ RL~^) n A. Then 0 B(x; R) fl B{A-, P) C Ox r\ B{A; P), which means x G B{A] P). 
So, B{A;L) C B{A\L) and hence A C B{A;L)° C B{A-,L) , which means that £ is normal. By analogy we 
can prove the normality of the quasi-uniformity TZ. □ 

Theorem 4.4. If £ and TZ are two normally 3c-subcommuting quasi-uniformities generating the topology of 
a Hausdorff topological space X, then the quasi-uniformities CTZ~^ and TZC~^ are 1-separated and have pseu¬ 
docharacter 

(1) ij{CTZ-^) = ifiTZL-^) < V'(££~^) • ■ q£^HX); 
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(2) 'tp{£TZ~^) = ijj{TZC~^) < ij;{C~^C) ■(■{£) < if are normally ±-sub- 

commuting and generate the same topology on X; 

(3) 'ip{CTZ~^) = '>p(TZC~^) < ■ i{CC~^ V C~^C) < '>p{CC~^C) ■ qt^‘^{X) if the quasi-uniformities 

C and TZ are normally commuting and (^CC~^C = Ax; 

(4) 'ip(CTZ~^) = 'ififlZC~^) < '4!{A~^AC) ■ i{A) ■ for any pre-uniformity A on X such that 

Pi .4“ ^AC — Ax • 

Proof. First we show that the quasi-uniformities CTZ~^ and TZC~^ are 1-separated. Since the topology of X is 
Hausdorff, for any distinct points x,y G X we can find two disjoint open sets Ox 5 x and Oy 9 y. Taking into 
account that the quasi-uniformities C and TZ generate the topology of X, we can find two entourages L G C 
and RgTZ such that B{x; L) C Ox and B{y; R) C Oy. Then B{x; L) r\B{y;R) = 0 and hence y ^ B{x\ LR~^) 
and X ^ B{y; RL~^), which implies that OCTZ~^ = Ax = OTZC~^. So, the quasi-uniformities CTZ~^ and 
TZC~^ are 1-separated. Taking into account that ^ = TZC~^ we conclude that 'ijj{CTZ~^) = 'tp{TZC~^). 

1. Now we shall prove the inequality 'il){CTZ~'^) < 'il){CC~^) ■ i.{C~^). Fix a family of entourages A C £ of 
cardinality |A| < ijj{CC~^) such that P^g^LL”^ = Ax- Replacing every L e A by a smaller entourage, we 
can assume that P^g^(LL)(LL)“^ = Ax- 

Since the quasi-uniformities C and TZ are normally ±-subcommuting, for the entourage L G C there exists an 
entourage L G C such that for any entourage R G TZ there exists an entourage R G TZ such that L~^R C RL~^. 
Replacing L by L fl L, we can assume that L C L. For the entourage L choose a subset Zl C X oi cardinality 
\Zl\ < i{C such that X = B{Zl]L ^). For every z G Zl choose an entourage Rz G TZ such that 
B{z-,Rz) C B{z;L). By the choice of L, for the entourage Rz there exists an entourage Rz G TZ such that 
L~^Rz C RzL~^. Consider the family 

V= [j{{L,Rz):zGZL] GCxTZ. 

LeA 

We claim that for any distinct points x,y G X there is a pair {L,Rz) G 'P such that B{x;L) n B{y\Rz) = 0. 
By the choice of the family A, there is an entourage L G A such that x ^ B{y] LLL~^L~^). Since y G X = 
B{Zl] L~^), there exists a point z G Zl such that y G B(z;L~^) and hence z G B{y,L). We claim that the 
pair (L, Rz) G V has the desired property: B{x\ L) n B{y; Rz) = 0. Assuming that B{x-, L) n B{y; Rz) ^ 0, we 
would conclude that 

X G B{y; RzL-^)gB{z; RzL-^)gB{z; RzL-^L-^)gB{z; LL-^L-^)cB{y-LLP-^L-^)GB{y, LLP-^L-^) 
which contradicts the choice of L. So B{x; L) n B{y; Rz) = 0, which is equivalent to y ^ B{x; LR~^). Then 
V’(>C7^-p < |1P| < ^ \Zl\ < |A| • £(£-p < • €(£-p. 

LeA 

2. If the quasi-uniformities C~^ and TZ~^ are normally ±-subcommuting and generate the same topology 
on X, then by Proposition 13.61 this topology is Hausdorff, which allows us to apply the first item to the quasi¬ 
uniformities C~^,TZ~^ and obtain the upper bound 'fi{C~^TZ) < tp{C~^C) ■ (.{C). The ±-subcommutativity of 
C~^ and TZ~^ implies that ip{TZC~^) < •4){C~^TZ). So, 

V'(£7e"p = ifiTzc-^) < i;{c-^TZ) < V'(£”^£) • T{c) < i^ip-^c) ■ q£^\X). 


3. Next, assuming that the quasi-uniformities £ and TZ are normally commuting and P££~^£ = Ax, we 
prove the inequality 'ifiJZC~^) = 'tp{CTZ~^) < 'ijj{CC~^C) T(££“^ V£“^£). Fix a subfamily A C £ of cardinality 
|A| = 'ijj{CC~^C) such that = Ax- Replacing every entourage £ € A by a smaller entourage, we 

can assume that P^g^£^£“^£ = Ax- 

Since the quasi-uniformities £ and TZ are normally commuting and normally ±-subcommuting, for every 
entourage L G A there exists an entourage L G C, L C L, such that for every entourage RgTZ there exists an 
entourage R GTZ such that LR C RL and L~^R C RL~^. 

By the definition of the boundedness number £(££“^V£~^£), for every L G A there exists a subset Al C X 
of cardinality \Al\ < £(££~^V£~^£) such that X = B{AyLL~^ r\L~^L). 

For every point a G Al choose an entourage Ra GTZ such that B{a-, Ra) C B{a; L). By the choice of L for 
the entourage Ra there exists an entourage Ra G C such that LRa C Ral^, and for the entourage Ra GTZ there 
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is an entourage Ra such that L ^Ra C RaL Consider the family of pairs 

R = {(L, Ra) '■ 0, G ^l} G C X TZ. 

LeA 

We claim that for any distinct points x,y G X there exists a pair (L, K) gV such that B(x] L) fl B{y] R) = 0. 
Given two distinct points x,y G X, find an entourage L G A such that {x,y) ^ L‘^L~^L. 

Since y G X = B{Al', LL~^ fl L~^L), we can find a point a G Al such that y G B{a-,LL~^ n L~^L) and 
hence y G B{a\LL~^) and a G B{y; L~^L) C B{y;L~^L). We claim that B{x]L) GB{y]Ra) = 0. To derive a 
contradiction, assume that B{x-, L) fl B{y; Ra) ^ 0. Observe that 

B{y]Ra) C B{a\LL-^Ra) C B{a;LRaL-^) C B{a;RaLL-^) C B{a;LLL-^) C B{y-LLLR-^). 

Then 0 ^ B{x; L) n B{y, Ra) C B{x] L) n B{y; L~^LLLL~^) implies y ^ B{x] L'^L~^L), which contradicts the 
choice of the entourage L. This contradiction shows that B{x; L) fl B{y, Ra) = 0 and hence 

= ipicn-^) < liPl < ^ |Ay| < i;{C£-^c) ■ e{c£-^vc-^c). 

LgA 

4. Finally we prove that 'ip{£TZ~^) = 'il^{TZ£~^) < 'tp{A~^A£) ■ £{A) ■ for any pre-uniformity A on X 

such that 0A~^AIA = Ax- If 'iIj{A~^A£) is finite, then il;{A~^A£) = 1, which implies that A~^AL = Ax = 
A = L for some A G A and L G £. In this case 1{A) = |A| and the topological space X is discrete. Then 
for every point x G X we can choose an entourage Rx G 7Z such that B{x\Rx) = {x}. Then C\xex — 

Clxex and hence 'tlj{TZ£~^) < |A| = £{A) < 'ip{A~^A£) ■ £(A) ■ £^^{X). 

So, we assume that the cardinal k = il;{A~^AU) is infinite. Since p| A~^A£ = Ax, we can choose subfamilies 
(^a)aeK C A and {La)aeK C £ such that O^^^B{x, A^^A^Ll^) = {a:} for every x G X. 

For every a < k consider the entourage Aa G A and find a subset Za C X of cardinality jZal < £{A) such 
that X = B(Za] Aa). Since the quasi-uniformities £ and TZ are normally ±-subcommuting, for the entourage 
La there is an entourage La such that for every R gTZ there is G 7^ such that L~^R C RL~^. 

Now fix any point z G Za- The normality of the quasi-uniformity £ (proved in Proposition 031) guarantees 

- -o -o 

that B{z-, AaLD C B{z\ AaL^) . Put IFq,,z = B{z; AaL^) . For every point y G X\ Wa,z choose an entourage 
Ry G TZ such that B{y\RyRy) fl B{z] AaL'^) = 0 and hence B{y; RyL~^) fl B{z; AaLa) = 0. For every 
y G X\B{z-, AaL^) we can replace Ry by a smaller entourage and assume additionally that B{y\Ry) is disjoint 
with B{z] AaL^). 

By the choice of the entourage La for every y G X \ Wa,z there is an entourage Ry GTZ such that Ry C Ry 
and L~^Ry C RyL~^. For every y G Wa ,2 choose an entourage Ry G TZ such that B{y\Ry) C Wa,z. Now 
consider the neighborhood assignment V = [Jy^xiv} ^ Ryf^La)- By the definition of there exists 

a subset Aa,z C X of cardinality \Aa,z\ < £^‘^{X) such that X = B{Aay,VV~^). 

Consider the family T’ = UaeK ® ^ ^a,z} C £ x TZ. We claim that for any distinct points 

x,y G X there is a pair (L, R) G'P such that B{x\ L) fl B{y- R) = 0. 

Indeed, for the points x,y G X we can find an ordinal a G k such that y ^ B{x; Aa^AaL^). Since 
X = B{Za] Aa), there is a point z G Za such that x G B{z-, Aa). Then y ^ B{z-, AaL^) and hence B{y, Ry) C 
B{y, Ry) is disjoint with B{z-, AaL^) by the choice of the entourage Ry. 

Since y G X = B{Aa,z',VV~^), there is a point a G Aa,z such that y G B{a-,VV~^), which implies that 
0 7 ^ B{y, V) n B{a] V) = B{y; Ry fl La) H B{a- Ra n La) and hence y G B{a; RaLa^). Since B(y, Ry) is disjoint 
with Wa,z, the choice of the entourage Ra guarantees that a ^ Wa,z and hence B{a-, RaRa) n B{z; AaLa) = 
0 and B{a; RaRal^a^) B{z;AaLa) = 0- Now observe that the .Ra-ball B{y;Ra) C B{a;VV~^Ra) C 
B{a-, RaLa^Ra) C B{a-, RaRaLa^) is disjoint with the La-ball B{x-,La) C B{z-, AaLa). 

The family 'P witnesses that 

i;{£TZ-^) = 'ipiTZL-^) < \r\ < ^{A-^A£) ■ £(A) ■ £^^{X). 

□ 

Taking into account that 'tp{£TZ~^ V TZ£~^) < 'il){£TZ~^), and applying Theorem 14.41 we obtain: 

Theorem 4.5. Let X be a Hausdorff topological space and £,TZ be two normally Tc-subcommuting quasi¬ 
uniformities generating the topology of X. Then the uniformity Q = £TZ~^ W TZ£~^ has pseudocharacter: 

(1) V'(Q) < • £{£ V £-1) • 
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(2) V'(Q) < ■ £(£-1) < 

Moreover, if the quasi-uniformity L is 

(3) ^3-separated, then '0(2) < '0(£~^£) • ^(£) • < 0(£T^) • £^^(X). 

(4) ±4-separated, then 0(Q) < 0(££~i£) • V £-i£) • £^^{X)_< 0(£±3) . £'^^{X); 

(5) separated, then 0(2) < 0(£“^££“^£) • £{C~^C) ■ £^‘^{X) < ■ q£'^'^{X) ■ £^^(X); 

( 6 ) ±6-separated, then 0 ( 2 ) < 0(££”^££”^£) • £^‘^{X) = 0(£=*=®) • £^'^(X). 

If the quasi-uniformities £ and TZ are normally commuting and 3-separated, then 

(7) 0(2) < 0(££^i£) • £(££-1 V £-i£) < 0(£±3) • q£^^{X). 

If the quasi-uniformities C~^, IZ~^ are normally zk-subcommuting and generate the same topology on X, then 

( 8 ) 0(2) < 0(£"^£) • £(£) < 0(£'F^) • q£^\X) and 

(9) 0(2) < 0(££-i V £-i£) • £(£) • £{£-^) < ^f{£'^'^) ■ q£^^{X) ■ q£^^{X). 

Proof. 1. The first inequality follows from Theorem 14.4l' 4l applied to the pre-uniformity A = U\I U~^. 

2. The second item follows from Theorem 14.df ll. 

3-6. The items (3)-(6) follow from Theorem 14.4r 4l applied to the pre-uniformities £, ££“^ V £~^£, £~^£, 
and ££~^, respectively. 

7. The seventh item follows from Theorem 14.4f 31. 

8,9. Assume that the quasi-uniformities £~^, IZ~^ are normally ±-subcommuting and generate the same 
topology on X. The inequalities 0(2) < 0(£“^£) • £(£) < 0(£^^) • q£'^^{X) follow from Theorem 14.4f 21. 

To prove that 0(2) < 0(££“^ V£“^£) •£(£) •£(£“^), fix a subset A c £ of cardinality |A| = 0(££“^ V£~^£) 
such that I”' L~^L = Ax- Replacing every £ G A by a smaller entourage, we can assume that 

n L~'^Lf = Ax. Since the quasi-uniformities £,77 are normally ±-subcommuting and the quasi¬ 
uniformities £~^ , IZ~^ are normally ±-subcommuting, for every L G A there exists an entourage L G £ with 
L C L such that for every R GiZ there is 77 S 77 such that L~^R C RL~^ and LR~^ C R~^L. 

For every £ S A fix a subset Zl C X oi cardinality \Zl\ < £{£) -k £{£~^) such that X = B{Zl-,L) = 
B{Zl] L~^). Since the quasi-uniformities £, 77 generate the same topology on X and £“^, 77“^ generate the 
same topology on X, for every z G Zl we can choose an entourage Rz G IZ such that B{z;Rz) C B{z]L) 
and B{z; Rf^) C B{z; L~^). By the choice of £ for the entourage Rz there is an entourage Rz G IZ such that 
Rz C Rz, L~^Rz C RzL~^ and LR~^ C Rf^L. For the entourage Rz there is an entourage Rz G IZ with 
Rz C Rz such that LR~^ C Rf^L, which is equivalent to RzL~^ C L~^Rz. 

We claim that the family V = {(£, Rz) : L G £, z G Zl} C £xIZ has (^(l R)ev £7?”^ n7?£“^ = Ax- Given 
any distinct points x,y find an entourage L G A such that {x,y) 0 £^£“^ n £“^£^ and hence {x,y) ^ £^£“^ 
or (cc, y) ^ £“^£^. 

If {x,y) ^ £^£“^, then B{y;L'^) n B{x-,lf) = 0. Since y G X = B{Zl-, L~^), there is z G Zr such that 
y G B{z;L~^) C B{z;L~^). Then 2 ; G B{y,L) and the £-ball B{z;L) C B{y;LL) does not intersect i?(a;;£^), 
which implies 77(z; LL~^) n B{x-, L) = 0. Observe that B{y, Rz) C B{z] L~^Rz) C 77(z; RzL~^) C B{z; LL~^) 
and hence B{y; Rz) O B{x; L) C B{z] LL~^) O B{x] L) = 0. So, (x, y) ^ LRf^ and hence (x, y) 0 LR~^. 

If (x,j/) 0 £“^£^, then B{y;L~^) O B{x;L~'^) = 0. Since y G X = B{Zl;L), there is z G Zr such that 
y G B(z;L). Then z G B{y,L~^) C B{y;L~^) and the £“^-ball B{z;L~^) C B{y;L~‘^) does not intersect 
77(x; £“^), which implies B{z-, £“^£) n77(x; £“^) = 0. Observe that B{y; Rf^) C B{z; LR~^) C B{z] Rf^L) C 
B{z-,L~^L) and hence B{y,R~^)C\B{x-,L~^) C B(z; L~^L) n B(x; L~^) = 0. So, (x,y) ^ L~^Rz. Since 
RzL~^ C L~^Rz, we get also {x,y) 0 RzL~^. 

This completes the proof of the equality £7?“^ n7?£“^ = Ax, which implies the desired inequality 

0(2) <\V\<J2 < 0(££-^ V £-i£) • £{£) ■ £{£-^). 


In Section [6] we shall need the following upper bound on the local pseudocharacters ■0(££ ^) and 0(7777 ^) 
of normally ±-subcommuting quasi-uniformities £ and 77. 

Proposition 4.6. If the topology of a Hausdorff space X is generated by two normally ±-subcommuting quasi¬ 
uniformities £ and IZ, then 0(££~^) < 0(Ar) • £^^(X) and -0(7777“^) < 0(A) • £=*=^(A). 
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Proof. First we prove that ip{CC < '(fiX) ■ Fix any point x € X. Since the topology of X is 

generated by the quasi-uniformity TZ, we can fix a subfamily TZx C 7?. of cardinality \TZx I < < fj{X) 

such that B{x-, RRR) = {a:}. 

By the normality of the quasi-uniformity TZ, for every R S TZ^ we get B{x-,RR) C B{x-,RRR) . Then for 

-O - 

every point z G X \ B{x;RRR) we can find an entourage G C such that B{z-,LzLz) H B{x-,RR) = 0. 

-o -o 

For every point z S B{x-,RRR) choose an entourage G C such that B{z;LzLz) C B{x;RRR) . Since 
the quasi-uniformities C and TZ are normally ±-subcommuting, for the entourage R G TZ there is an entourage 
R G TZ such that for every entourage L G C there is an entourage L G C such that R~^L C LR~^. In particular, 
for every z G Z there is an entourage G C such that R~^Lz C LzR~^. Replacing by a smaller entourage 

we can assume that C and B{x-,Lz) C B{x-,R). 

By the definition of for the neighborhood assignment Nfi = ^ B{z-, Lz H R) there is a 

subset ZrC X oi cardinality \Zfi\ < £^'^{X) such that X = B{Zpi-,N}iNf^^). 

We claim that the subfamily C = U_Re 7 ?, {Bz '■ z G Zr] C C has the required property: C\l^c' B{x-, LL~^) = 
{cc}. Given any point y G X \ {x}, find an entourage R G TZx such that y ^ B{x-,RRR). Since y G X = 
B{Zr\ NnNf^^), there is a point z G Zr such that y G B(z; NrN^^^) and hence B{y; fl i?) fl B{z; LzHR) = 
B{y;NR) D B{z;Nr) 7 ^ 0 and y G B{z; LzR~^). Since y ^ B{x]RRR) , the choice of the entourages Ly,Lz 

-O ~ ~ 

implies that z ^ B{x-, RRR) . We claim that B{y, Lz) fl B{x; Lz) = 0. To derive a contradiction, assume that 
B{y, Lz) n B{x-, Lz) yf 0. Then 

0 z/z B{y; Lz) n B(x-, Lz) C i?(z; LzR~^Lz) n B{x; R) C i?(z; LzLzR~^) n B{x; R) 

and hence B{z-, LzLz) fl B{x-,RR) 7 ^ 0, which contradicts the choice of the entourage Lz- This contradiction 
completes the proof of the inequality 'if{CC~^) < ipiX) ■ 

By analogy (or changing C and TZ by their places) we can prove that ’L{'B.TZ~^) < ip{X) ■ □ 

5. Quasi-uniformities on topological monoids 

A topological monoid is a topological semigroup X possessing a (necessarily unique) two-sided unit e G X. 
We shall say that a topological monoid S has open shifts if for any elements a,b G X the two-sided shift 
Sa,b : X ^ X, Sa,b '■ X i-A uxb, is an open map. 

A typical example of a topological monoid with open shifts is a paratopological group, i.e., a group endowed 
with a topology making the group operation G x G ^ G, (x, y) 1 —>■ xy, continuous. 

The closed half-line [0,oo) endowed the Sorgenfrey topology (generated by the base = {[a,5) : 0 < a < 
b < 00 }) and the operation of addition of real numbers is a topological monoid with open shifts, which is not 
a (paratopological) group. 

Each topological monoid X carries hve natural quasi-uniformities: 

• the left quasi-uniformity C, generated by the base {{(a;,?/) G X x X : y G xU} : U G Afe}, 

• the right quasi-uniformity TZ, generated by the base {{{x,y) G X x X : y G Ux} : U G Afe}, 

• the two-sided quasi-uniformity LVTZ, generated by the base {{{x,y) G X x X : y G UxCixU} : U G Afe}, 

• the Roelcke quasi-uniformity TZC = CTZ, generated by the base {{(x, y) G XxX : y G UxU} : U G Afe}, 

and 

• the quasi-Roelcke uniformity Q = TZL~^ V CTZ~^, generated by the base 
{{(a:, y) G X X X : LfxPi yLf ^ Uy xU} : U G Afe}- 

Here by Afe we denote the family of all open neighborhoods of the unit e in A. The quasi-uniformities C, TZ, 
£\/TZ, and TZC are well-known in the theory of topological and paratopological groups (see [22l Ch.2], [2 §1-8]). 
The quasi-Roelcke uniformity was recently introduced in [4] . It should be mentioned that on topological groups 
the quasi-Roelcke uniformity coincides with the Roelcke (quasi-)uniformity. The following diagram describes 
the relation between these hve quasi-uniformities (an arrow W —^ V in the diagram indicates that U G V). 


CVTZ 
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If a topological monoid X has open shifts, then the quasi-uniformities £, 72., £ V 7^ and 72£ generate the 
original topology of X (see [15], [18]) whereas the quasi-Roelcke uniformity Q generates a topology rg, which 
is (in general, strictly) weaker than the topology t of X. If X is a paratopological group, then the topology rg 
on G coincides with the joint T 2 V (r “^)2 of the second oscillator topologies considered by the authors in [3]. 
The topology rg turns the paratopological group into a quasi-topological group, i.e., a group endowed with a 
topology in which the inversion and all shifts are continuous (see Proposition 16.31) . 

Proposition 5.1. On each topological monoid X with open shifts the quasi-uniformities £ and 72 are normally 
commuting, normally ±-subcommuting, and normal. The topology of X is Hausdorff if and only if the quasi- 
Roelcke uniformity Q = £72“^ V 72£“^ on X is separated. 

Proof. To see that the quasi-uniformities £ and 72 are normally commuting and normally ±-subcommuting, fix 
any entourage L G jC and find a neighborhood U C G oi the unit e such that L = {{x,y) G XxX : y G xU } C L. 
Given any entourage 7? G 72, find a neighborhood P C G of the unit e such that R = {{x,y) G X x X : y G 
Vx} C R. Then 

Lr = {{x, y) G X X X -.^z G X such that {x, z) G L and (z, y) G R} = 

= {{x,y) G X X X :3z G X such that z G xU and y GVz} = 

= {{x,y) G X X X -. y G V{xU)} = {{x,y) G X x X -. y G {Vx)U} = RL(ZRLO LR. 

This implies that the quasi-uniformities £ and 72 are normally commuting. 

Next, we prove that L~^R C RL~^ C RL~^ . Given any pair {x,y) G L~^R, find a point z G X such 
that {x,z) G L~^ and {z,y) G R. Then x G zU and y G Vz. So, we can find points u G U and v G V 
such that X = ZU and y = vz. Multiplying a: = zu by v, we get vx = vzu = yu and hence (x,vx) G R and 
{y,vx) = {y,yu) G L, which implies that {x,y) G RL~^ C RL~^ . So, L~^R C RL~^ C RL~^. By analogy we 
can prove that R~^L C LR~^ C LR~^. 

By Proposition 1331 the quasi-uniformities £ and 72, being normally ±-subcommuting, are normal. 

If X is Hausdorff, then for any distinct points x,y G X we can find a neighborhood U C X oi the unit e such 
that UxCiyll = 0. Then for the entourages L = {(x,y) G X : y G xU} G £ and R = {{x, y) G X x X : y G Ux} 
we get y ^ B{x-, RL~^) D B{x-, RL~^ D LR~^). This means that fj 2 = and the quasi-Roelcke uniformity 
Q is separated. 

Now assume that the quasi-Roelcke uniformity Q is separated. Given two distinct points x,y G X, find two 
entourages L G C and R G TZ such that (x, y) ^ LR~^ D RL~^ and hence (x,y) ^ LR~^ or (x,y) ^ RL~^. 
For the entourages L,R, find a neighborhood U C X oi e such that {(x, y) G X x X : y G xU} C L and 
{( 2^1 y) G X X X : y G Ux} C R. If (x, y) ^ LR~^, then xU D Uy = 0. If (x, y) G RL~^, then UxO yU = 0. In 
both cases the points x,y has disjoint neighborhoods in X, which means that X is Hausdorff. □ 

Proposition 15. 1 1 and Theorem 13.31 imply: 

Theorem 5.2. Each Hausdorff topological monoid X with open shifts is functionally Hausdorff and has sub- 
metrizability number sm{X) < tfiQ) < x(X) and i-weight iw{X) < ip{Q) ■ log(7'(Q)) < x(^) ' log((ic(X)). 

Observe that for a paratopological group G the quasi-Roelcke uniformity Q generates the topology of G if 
and only if G is a topological group. 

Problem 5.3. Study properties of topological monoids S with open shifts whose topology is generated by the 
quasi-Roelcke uniformity Q. 

6. The submetrizability number and Gweight of paratopological groups 

In this section we apply the results of the preceding sections to paratopological groups, i.e., groups G endowed 
with a topology making the group operation G x G —>• G, (x, y) >->■ xy, continuous. It is easy to see that the 
inversion map G —>■ G, x 1 — x~^, is a uniform homeomorphism of the quasi-uniform spaces (G, £~^) and 
(G, 72) and also a uniform homeomorphism of the quasi-uniform spaces (G, 72“^) and (G, £). This observation 
combined with Propositions 13.61 and [5T] implies: 

Proposition 6.1. On each paratopological group G 

(1) the quasi-uniformities £ and 72 are normally commuting, normally E- subcommuting, and normal; 

(2) the quasi-uniformities and TZ~^ are normally commuting, normally E-subcommuting, and generate 
the same topology on G. 
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If the topology of G is Hausdorff, then the quasi-uniformities C and TZ are 3-separated and the quasi-Roelcke 
uniformity Q = CTZ~^ V TZC~^ is separated. 

Next, we prove that a paratopological group endowed with the quasi-Roelcke uniformity is a uniform quasi- 
topological group. 

Definition 6.2. A uniform quasi-topological group is a group G endowed with a uniformity U such that 
the inversion G ^ G, x ^ , is uniformly continuous and for every a,b € G the shifts Sa^b '■ G ^ G, 

Sa,b ■ X I—>■ axb, is uniformly continuous. 

Proposition 6.3. Any paratopological group G endowed with the quasi-Roelcke uniformity Q = CTZ~^ \/TZC~^ 
is a uniform quasi-topological group. 

Proof. Observe that for any neighborhood V £ Me and points x,y £ G the inclusion y £ VxV~^ 0 V~^xV 
is equivalent to y~^ £ Vx~^V~^ D V~^x~^V, which implies that the inversion map G —5> G, x i-A x~^, is 
uniformly continuous. 

Next, we show that for every a,b £ G the shift Sa,b : G ^ G, Sa,b ■ x i—>■ axb, is uniformly continuous. 
Fix any neighborhood V £ Me of e. By the continuity of the shifts on G, there exists a neighborhood 
U C V oi e such that all C Va, Ub C bV, Ua~^ C a~^V, and b~^U C Vb~^. Inverting the two latter 
inclusions, we get aU~^ C V~^a and U~^b C bV~^. Then for any points x,y £ G with y £ U~^xU fl UxU~^, 
we get ayb £ aU~^xUb D aUxU~^b C V~^axbV fl VaxbV~^, which means that the shift Sa,b is uniformly 
continuous. □ 

The following theorem is a partial case of Theorem 15.21 

Theorem 6.4. Each Hausdorff paratopological group G is functionally Hausdorff and has submetrizability 
number sm{G) < ipiQ) < x(G) and i-weight iw{G) < • log(f(Q)) < x(G') ' log(dc(G)). 

In light of this theorem it is important to have upper bound on the pseudocharacter ip{Q) of the quasi- 
Roelcke uniformity. Such upper bounds are given in the following theorem, which unifies or generalizes the 
results of [23] and [19]. 

Theorem 6.5. For any Hausdorff paratopological group G its quasi-Roelcke uniformity Q = £JZ~^ V TZ£.~^ 
has pseudocharacter 

(1) ±iQ) < ■ £{£)} < ?(G) • ■ mm{£{C), < 

f;\G)-£^^{G)-m;in{q£^ffG),qM^{G)}; 

( 2 ) 1/^(2) < V £-!£) • £(£-!) ■ t{c) < • qM^{G) • qt^^{G); 

(3) V'(Q) < V ■ qt^'^{G). 

Moreover, if the quasi-uniformity C is 

(4) T^-separated, then ifiQ) < £L-^£) ■ ((C-^C) ■ ■ £^'^iG); 

(5) -E&-separated, then ip{Q) < if{CC~^CC~^C) ■ £^^(G) = ■ £'^'^{G). 

Proof. 1. The inequality tp{Q) < ■ £{C~^) follows from Theorem 14.51 21. which also implies ipiQ) < 

ip(TnZ~^) ■ £{TZ~^) = £)■£{£). By ProDOsition l4.6l < '!/)(G) •£^^(G) and = 

ip(TnZ~^) = ip{TZTZ~^) < '0(G) • £^^{G), which implies 

■ £{£-^),'iIj{£-^C) ■£{£)} <ff{G) ■ £^'^{G) ■ mm{£{C),£{C-^)}. 


2, 3. The upper bounds from the second and third items follow from Theorem 14. 51 9. 71 and Proposition 16.II 

4. Assume that the quasi-uniformity £ is =F4-separated. Then we can choose a subfamily U £ Me oi cardi¬ 

nality \U\ = ijj{£~^££~^£) such that Hc/ew U~^UU~^U = {e}. Replacing every 1/ by a smaller neighborhood 
of e, we can assume that U~^UU~^U = {e}. Since U~^UU~^U C U~^(U~^UU~^U), we conclude 

that ff\^^yU~^UU~^U = {e} and tjj{£~^££~^£) < \U\ = if{£~^££~^£). Applying Theorem \4.4( 4] to the 
pre-uniformity A = £~^£, we get the upper bound 

0'(Q) < ^{A-^AU) • £iA) ■ £^^(G) = lpi£-^££-^££) ■ £i£-^£) ■ £^^{G) = tp{£-^££~^£) ■ £{£-^£) ■ £^‘^{G). 

5. The fifth item follows from Theorem 14. bf Bl. □ 
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7. Two COUNTEREXAMPLES 

In this section we construct two examples of paratopological groups that have some rather unexpected 
properties. 

7.1. A paratopological group with countable pseudocharacter which is not submetrizable. In 
Theorem 16.51 11 we proved that for each Hausdorff paratopological group G its quasi-Roelcke uniformity has 
pseudocharacter ip{Q) < tp{G) ■ ■ min{£{C), £{C~^}. It is natural to ask if this upper bound can be 

improved to '0(2) < 0(G). In this section we show that this inequality is not true in general. Namely, 
we present an example of a zero-dimensional (and hence) Hausdorff abelian paratopological group which has 
countable pseudocharacter but is not submetrizable. Some properties of this group can be proved only under 
Martin Axiom [27], whose topological equivalent says that each countably cellular compact Hausdorff space is 
K-Baire for every cardinal k < c. We say that a topological space X is n-Baire if for any family U consisting 
of K many open dense subsets of X the intersection p|W is dense in X. Under Martin’s Axiom for cr-centered 
posets, each separable compact Hausdorff space is K-Baire for every cardinal k < c. This implies that under 
Martin’s Axiom (for cr-centered posets) the space Z"’ endowed with the Tychonoff product topology is K-Baire 
for every cardinal k < c. Here c stands for the cardinality of continuum. In the statement (4) of the following 
theorem by i) we denote the cofinality the partially ordered set (N*^, <). It is known [26] that wi < c) < c and 
c) = c under Martin’s Axiom (for countable posets). 

Let K be an uncountable cardinal. On the group Z” of all functions g : k — Z consider the shift-invariant 
topology T-|- whose neighborhood base at the zero function e : k —>■ Z consists of the sets 

WF,m = {5 G Z” : g\F = 0, gin) C {0} U [m, cx))} 

where m G N and F runs over finite subsets of k. The group Z” endowed with the topology is a paratopo¬ 
logical group, denoted by Since the group is abelian, the fours standard uniformities of coincide 
(i.e., C — TZ = C\/Tl — TZC) whereas the quasi-Roelcke uniformity Q coincides with the pre-uniformities CC~^ 
and TZTZ~^. 

Theorem 7.1. For any uncountable cardinal k the paratopological group G = XZ'^ has the following properties: 

(1) G is a zero-dimensional (and hence regular) Hausdorff abelian paratopological group; 

(2) the topology on G induced by the quasi-Roelcke uniformity Q coincides with the Tychonoff product 
topology T on Z”; 

(3) 0(2) = x(G) = K but 0(G) = 0(G) = uj; 

(4) ^(2) = w but £(C) > 0 > w; 

(5) c(G) > K but dc{G) = uj; 

( 6 ) iw{G) ■ UJ = sm{G) ■ uj > log(2'^). 

(7) If 2^ > c, then G is not submetrizable. 

( 8 ) If the space Z'^ is n-Baire, then G fails to have Gg-diagonal and hence is not submetrizable. 

Proof. 1. It is clear that the topology on tZ” is stronger than the Tychonoff product topology r on Z''^. 
This implies that the paratopological group G = fZ'^ is Hausdorff. Observing that each basic neighborhood 
Wp^m of the zero function e G Z'^ is r-closed, we conclude that it is T.|-closed, which implies that the space fZ'^ 
is zero-dimensional and hence regular. 

2. Observe that for every basic neighborhood Wp.m of zero, the set WF,ra — Wp.m coincides with the basic 
neighborhood Wp = {g G Z'^ : g\F = 0} of zero in the Tychonoff product topology r. This implies that r 
coincides with the topology induced by the quasi-Roelcke uniformity Q. 

3. The equality x(G) = k = 0(2) easily follows from the definition of the topology and the fact that the 
quasi-Roelcke uniformity 2 generates the Tychonoff product topology on Z”. To see that 0(G) = 0(G) = w, 
observe that flmeN= {e}. 

4. To see that £{Q) = uj, take any basic open neighborhood Wp^m of zero in the group G and observe 
that Z-^ = {g G Z” : g\K \ F = 0} is a countable subgroup of G such that G = Z^ -|- {Wp^m — bbF.m), which 
implies that £{Q) < uj. On the other hand, the boundedness number £{£) of the left quasi-uniformity on the 
paratopological group fZ'^ is equal to the cofinality of the partially ordered set (N'^, <) which is not smaller 
that 0 , the cofinality of the partially ordered set (N‘^, <). 

5. For every x G k denote hy 6x ■ k ^ {0,1} C Z the characteristic function of the singleton {a:} and let 
Ux = 5x + W{x },2 be a basic neighborhood of 5x. We claim that for any distinct points x,y £ k the sets Ux and 
Uy are disjoint. To derive a contradiction, assume that Ux H Uy contains some function / G Z'^. The inclusion 
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f G Ux implies that f{x) = Sx{x) = 1. On the other hand, f G Uy implies f{x) G {5y{x)} U [(5y(x) + 2,cx)) = 
{0} U [2, oo) ^ 1. So, the closed-and-open sets Ux, x G k, are pairwise disjoint and hence c(G) > \{Ux}x&k\ = k. 

By Proposition 11.101 dc{G) = £^'^{G). So, it suffices to prove that £^^{G) = oj. Given a neighborhood 
assignment V on G, we need to find a countable subset G C G such that B{G; VV~^VV~^) = G. Using Zorn’s 
Lemma, find a maximal subset G C G such that B{x\ VV~^) = 0 for any distinct points x,y G G. 

By the maximality of G, for every x G G there is a point c G G such that B{c-,VV~^) O B{x-,VV~^) ^ 0, 
which implies x G B{G]VV~"^VV~^) and hence X = B{C\VV~^VV~"^). It remains to prove that the set 
G is countable. To derive a contradiction, assume that G is uncountable. For every x G G find a finite 
subset Fx C K and a positive number nix G N such that x + IPFx.mx C B{x; V). By the A-system Lemma 
[m 16.1], the uncountable set G contains an uncountable subset D G C such that the family {Fx)xeD is a 
A-system with kernel if, which means that Fx D Fy = K for any distinct points x,y G D. For every n e N 
and / G consider the subset D^j = {x G D : x\K = /, rux < n, sup^g^^ k(«)l < n} of D and observe 
that D = UraeNU/GZ«^Pigeonhole Principle, for some n G N and / G the set D^j is 

uncountable. Consider the clopen subset Z''(/) = {x G Z"’ : x\K = /} of Z"’. Since Z'’’(/) is a Baire space, 
for some m G N the set = {a; G Z'^(/) : rUx = rn} is not nowhere dense in Consequently, there 

is a finite subset K G k containing K and a function f : K ^ Z such that the set Xm H ZF[^f) is dense in 
Z"’(/) = {x G Z'’’ : x\K = /}. Since the family {Fx \ K)x^d is disjoint, the set {x G D ■. {Fx \ iF) fl K 7 ^ 0} is 
finite, so we can find two functions x,y G Dnj such that {Fx \JFy)C\K = K. Put K = FxGFyGK and choose 
any function f : K ^ Z such that f\K = f and /(a) < —n — m for any a G K\K. The function / determines 
a non-empty open set ZF{f) = {z G Z"’ : z\K = /}, which contains some function z G X^ (by the density of 
AmnZ'^(/) in Z"’(/)). Choose a function z gZ^ such that z\Fx = x\Fx and z{a) > uia,yi{m +z{a),mx +x{a)} 
for every a G k\Fx. Then z G (z-l-lUF^,m)n(a;-|-lUFx.mx) C B{z; V)r\B{x; V), which implies z G B{x; VV~^). 
By analogy we can prove that z G B{y]VV~^). So, B{x;VV~^) fl B{y;VV~^) ^ 0, which contradicts the 
choice of the set G B x,y. This contradiction shows that G is countable and hence dc{G) = £^'^{G) = w. 

6. By Proposition 11.41 iw{G) ■ lo = sm{G) ■ log(dc(G)) = sm{G) ■ lu. On the other hand, 2'^ = |G| < 
|[ 0 ,i]™(G)| ^ | 2 ™(G)-a;| iinpiies that log(2'=) < iw{G) - lu. 

7. If 2"^ > c, then sm{G) ■ oj > log(2'') > log(c+) > w, which implies that sm{G) > uj and hence G is not 
submetrizable. 

8. Suppose that the space Z"’ is K-Baire. Assuming that the space G = 'fZ'^ has G^-diagonal, we can apply 

Theorem 2.2 in m and find a countable family (W„)nGN open covers of G, which separates the points of G in 
the sense that for every distinct points /, g G G there is n G N such that no set U GUn contains both points / 
and g. Since the space G is zero-dimensional, we can assume that each set U G closed-and-open in 

G. Put Uo = {G}. 

We shall construct an increasing sequence {Fn)neuj of finite subsets and a sequence /„ G Z^”, n G w, of 
functions such that for every n G oj the clopen set Z”(/„) = {/ G Z” : f\Fn = fn} is contained in t7„nZ'‘(/„_i) 
for some set {/„ GUn- 

We start the inductive construction letting Fg = 0 and /g : 0 —J- Z be the unique function. Then Z'’’(/o) = 
Z'^ G Uq. Assume that for some n G Z we have defined a finite set Fn-i G k and a function /„_i G such 

that Z"’(/ji_i) C Un-i for some Un-i G Un-i- 

The F be the family of all triples {F,f,m) where F is a finite subset of k containing F„_i, / : F ^ Z is 
a function extending the function fn-i and m G N is a positive integer. Observe that |J^| = k. For every 
function g G choose a closed-and-open subset Ug G Un containing g and choose a finite subset Fg G k 
containing F„_i and a number nig such that g + WFg,mg C Ug. For every triple {F,f,m) G T consider the 
subset = {9 & tZ'" : {Fg, g\Fg,nig) = (F,/,m)} and observe that Z'=(/„_i) = 

Since the space Z^{fn-i) is K-Baire, there is a triple {F,f,m) G F such that the set Z(^F.f,m) is not nowhere 
dense in Z'^{fn-i)- Consequently we can find a finite set Fn G k and a function /„ G Z^" such that for the 
basic open set Z’^{fn) = {g gZ^ ■. g\Fn = fn} the intersection Z''(/„) 0 Z(^Fj,m) is dense in Z'^(/„). It follows 
that Fn G> F G> Fn-i and fn\F = f. Choose any point g G Z(^F,f,m) C Z'^(/„). 

We claim that Z'^{fn) G Ug G U. Assuming that Z'^{fn) <f. Ug, choose a function h G Z'^{fn) \ Ug and 
find a basic neighborhood h + We,i G Z'^{fn) \ Ug of h. It follows from the inclusion h + We,i G Z"’(/„) that 
E G> Fn G> F and h\Fn = fn- Then h\F = fn\F = f. Choose a function h : k ^ Z such that h\E = h\E and 
h{x) > ina,x{g{x) + m,h{x) + l} for every x G k\E. Then h G {h + WE,i)r\{g + WF,m) C {Z^{fn)\Ug)r]Ug = 0, 
which is a desired contradiction completing the inductive step. 

After completing the inductive construction, consider the countable set F^ = Unetj function 

fui ■ Fgj ^ Z such that fui\En = fn for all n G w. Since the complement k\ F^j is not empty, the “cube” 
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= {g S : g\Zui = fui} contains two distinct functions f,g. By the choice of the family ipln)n&uj there 
is a number n G w such that no set U G Lin contains both points / and g. On the other hand, by the inductive 
construction, f,g G C Z'^(/„) C C/„ for some set Un G U, which is a desired contradiction completing 

the proof of the theorem. □ 

Corollary 7.2. For every cardinal k > c the paratopological group '['Z'^ has countable pseudocharacter but fails 
to be submetrizable. 

It is known m that under Martin’s Axiom the space Z"’ is K-Baire for every cardinal k < c. This fact 
combined with Theorem I7.6l 7.8l implies the following MA-improvement of Corollary 17.21 

Corollary 7.3. Under Martin’s Axiom, for any uncountable cardinal k the paratopological group has 
countable pseudocharacter but fails to be submetrizable. 

Problem 7.4. Can the space be submetrizable in some model of ZFC? 

In Theorem O we proved that the paratopological group G = tZ'^ has d{G) > c{G) > k and dc{G) = uj, 
By Propositions O and inni i^*{G) = 1*^^{G) = dc{G) = u!. It would be interesting to know the values of 
some other cardinal characteristics of G, intermediate between dc{G) and c(G). 

Problem 7.5. For the paratopological group G = ^Z” calculate the values of cardinal characteristics ^^"(G), 
£T"(G), i^’-’iG), £^"(G) for all uGN. 

7.2. A submetrizable paratopological group whose quasi-Roelcke uniformity has uncountable 
pseudocharacter. By Theorem 16.41 each Hausdorff paratopological group G has submetrizability number 
sm{G) < tpiQ). This inequality can be strict as shown by an example constructed in this subsection. 

Given an uncountable cardinal k in the paratopological group consider the subgroup H = {f G : 
|supp(/)| < w} consisting of functions f : k ^ Z that have finite support supp(/) = {a G k •. f{a) ^ 0}. A 
neighborhood base of H at zero consists of the sets 

Wp^rn = {h G H : h\F = 0, h^n) G {0} U [m, oo)} 

where F runs over finite subsets of k and m € N. 

Theorem 7.6. For any uncountable cardinal k the paratopological group H has the following properties: 

(1) H is a zero-dimensional (and hence regular) Hausdorff abelian paratopological group; 

(2) H is strongly a-discrete and submetrizable; 

(3) iw{H) ■ UJ = log(K); 

(4) ipiQ) = x{H) = K but ifiH) = 'f{H) = uj; 

(5) I'(Q) = UJ but £{£) = dc{H) = k. 

Proof. The items (1), (4), (5) follow (or can be proved by analogy with) the corresponding items of Theorem l7.ll 
(2)-(3): To see that the space H is strongly cr-discrete, write H as H = IJ^ Hn,m where Hn,m = {h G 
tZ'^ : |supp(h)| = n, ||h|| < m} and ||/i|| = sup^^g^ |h(a)|. We claim that each set Hn,m is strongly discrete in H. 
To each function h G Hn,m assign the neighborhood Uh = h Wsupp(/i),m+i- Given any two distinct functions 
g,h G Hn,m, we shall prove that UgHUh =0. Assuming that Ug fl Uh contains some function f G H, we would 
conclude that /|supp(g) = g|supp(g) and /|supp(/i) = h|supp(h). So, g|supp(g)nsupp(/i) = h|supp(g)nsupp(h) 
and g h implies that supp(g) supp(/i). Since |supp(g)| = |supp(/i)| = n, there is a S supp(g)\supp(/i) such 
that g{a) 7 ^ 0 = h{a). Then /(a) G {g(a)} fl [m + 1, 00 ) C [—m, m] G [m + 1, 00 ) = 0, which is a contradiction 
showing that the indexed family (Uh)heHn,m is disjoint. 

To show that this family iUh)heH„,.m i® discrete, for every function g G H\[jheHn m consider its neighbor¬ 
hood Ug = g-\- II4upp(g)_m+i- We claim that UgCiUh —% for every h G Hn.m- Assume conversely that for some 
h G Hn,m the intersection Ug fl Uh contains a function f G H. Then /|supp(g) = g|supp(g) and /|supp(h) = 
/i|supp(/i), which implies supp(g) 7 ^ supp(h). If supp(h) \supp(g) 7 ^ 0, then we can find a G supp(h) \supp(g) 
and conclude that /(a) = h{a) 7 ^ 0 = g{a) and hence f{a) G {h{a)} G [—m,m] fl [m -b l,oo) = 0, which 
is a contradiction. So, supp(h) C supp(g) and g|supp(h) = h|supp(h). It follows from g ^ Uh that for some 
a G At \supp(/i) we get g{a) ^ {0} U [m-l-1, 00 ). Then a G supp(g) and f{a) = g(a) ft. [m-b 1, 00 ). On the other 
hand, the inclusion f G Uh and /(a) 7 ^ 0 = h{a) implies f{a) € [m -b 1, 00 ). This contradiction completes the 
proof of the equality Ug Ci Uh = which shows that the family {Uh)heHrt is discrete in H and the set Hn,m 
is strongly discrete in H. Then the space H = \Jnmeu>^n,m is strongly u-discrete. By Proposition ll.il it is 
submetrizable and has i-weight iw{H) ■ uj = log(|i7|) = log(K). □ 
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